Abstract. Let R be a complete discrete valuation ring of mixed characteristic (0, p) with perfect residue field, K the fraction field of R. Suppose G is a Barsotti-Tate group (p-divisible group) defined over K which acquires good reduction over a finite extension K ′ of K. We prove that there exists a constant c ≥ 2 which depends on the absolute ramification index e(K ′ /Qp) and the height of G such that G has good reduction over K if and only if G[p c ] can be extended to a finite flat group scheme over R. For abelian varieties with potentially good reduction, this result generalizes Grothendieck's "p-adic Néron-Ogg-Shafarevich criterion" to finite level. We use methods that can be generalized to study semi-stable p-adic Galois representations with general Hodge-Tate weights, and in particular leads to a proof of a conjecture of Fontaine and gives a constant c as above that is independent of the height of G.
Introduction
Let R be a complete discrete valuation ring of mixed characteristic (0, p), K the fraction field, m the maximal ideal of R, k = R/m the residue field and A an abelian variety defined over K. We say A has good reduction if there exists an abelian scheme A over R such that A ⊗ R K ≃ A. We say A has potentially good reduction if there exists a finite extension K ′ /K and an abelian scheme A ′ over
Let I be the inertia subgroup of Gal(K/K) and l = p be any prime. Using the criterion of Néron-Ogg-Shafarevich [16] , it is not difficult to prove that if A has potentially good reduction then A has good reduction if and only if the action of I on A[l c ] is trivial, where c = 1 for l = 2 and c = 2 for l = 2.
When l = p, the problem is more subtle. For example, the relevant finite flat group schemes are notétale, and thus may not be determined by their generic fiber as in the case l = p. Work of Grothendieck [1] and Raynaud [15] proves that A has good reduction if and only if for all n, A[p n ] can be extended to a finite flat group scheme over R. In particular, the property of good reduction (and hence potentially good reduction) is encoded in the Barsotti-Tate group G = lim − → A[p n ] (also known as the p-divisible group associated to A). This fact is implicit in the work of Wiles and others on modularity of certain Galois representations of weight 2 ( [5] , [19] ). In what follows, we fix l = p and study potentially good reduction for Barsotti-Tate groups.
Let K ′ be a finite extension of K, R ′ the ring of integers of K ′ . Suppose a Barsotti-Tate group G with height h defined over K has good reduction over K ′ in the sense that there exists a Barsotti-Tate group
′ . By §2, [15] , G has good reduction over K if only if G[p n ] can be extended to a finite flat group scheme over R for all n. The following question was raised by N. Katz The general case is easily reduced to the case when K ′ /K is totally ramified. Let e be the absolute ramification index of K ′ /Q p . In the case e < p − 1, B. Conrad solved this question in [7] . He proved that if G[p] can be extended to a finite flat group scheme, then G has good reduction. That is, when e < p − 1, c can be taken to be 1 for all h. His idea was to compute descent data for the generalized Honda system associated to G. Unfortunately, in the case e ≥ p − 1, there is no Honda system available. Although the theory of Breuil modules [4] is available in this case (at least for p > 2), its behavior under base change is very complicated due to the dependence of theory on the choice of uniformizer, so it is hard to apply Breuil's theory for this question (especially when p | e).
We use Messing's deformation theory [14] to attack this question and get the following result: Theorem 1.0.1 (Main Theorem). Assume that k is perfect. Suppose G is a Barsotti-Tate group over K that acquires good reduction over a finite extension K ′ . There exists a constant c ≥ 2 which depends on e = e(K ′ /Q p ) and the height of G such that G has good reduction over R if and only if G[p c ] can be extended to a finite flat group scheme over R.
As we will explain in Remark 1.0.7, a refinement of the methods of this paper allows us to take c to be independent of the height of G (though in practice one usually studies G's with a fixed, or at least bounded, height). Applying this result to the case of abelian varieties and using the precise form of the semi-stable reduction theorem for abelian varieties (i.e., bounding the degree of the extension over which semi-stable reduction is attained), we get : can be extended to a finite flat group scheme over R.
We may and do assume R ′ /R is totally ramified and generically Galois. Let Γ = Gal(K ′ /K) and
Since G ′ has good reduction over K ′ , there exists a Barsotti-Tate group
is a collection of K ′ -automorphisms satisfying the cocycle condition. By Tate's Theorem [18] , the descent data on the generic fiber will uniquely extend over R ′ .
That is, we get isomorphisms φ σ : σ * (G ′ ) ≃ G ′ over R ′ satisfying the cocycle condition, but this is not fppf descent data with respect to R → R ′ when R → R ′ is notétale. It is obvious that G has good reduction if and only if there exists a Barsotti-Tate group G over R and an R ′ -isomorphism G ⊗ R R ′ ≃ G ′ compatible with the Galois action (using φ σ 's on G ′ ). In general, given a finite Galois group Γ, we call a pair (G ′ , φ σ ) a Γ-descent datum where G ′ is a finite flat group scheme (a Barsotti-Tate group) over R ′ and φ σ : σ * (G ′ ) ≃ G ′ are R ′ -isomorphisms satisfying the cocycle condition. We say a Γ-descent datum (G ′ , φ σ ) has an effective descent if there exists a finite flat group scheme (a Barsotti-Tate group) G over R and an R ′ -isomorphism G ⊗ R R ′ ≃ G ′ compatible with the Galois action (using φ σ 's on G ′ , see §2 for more details). Using deformation theory of Barsotti-Tate groups, §2 to §4 will prove the following: Remark 1.0.4. We will prove the same Theorem in the equi-characteristic case. In such a case, the constant c 0 depends on the relative discriminant ∆ K ′ /K and the height of G. We do not optimize the constant c 0 , so there is still room to improve.
The Descent Theorem is the heart part of this paper. Let us sketch the idea of proof as the following: In §2, we develop an ad hoc finite Galois descent theory on torsion level (e.g., R/m n -level). Using such language, G has good reduction over K if and only if for each n ≥ 1, the Γ-descent datum (G ′ n , φ σ,n ) has an effective descent to G n over R/m n and compatible with base change
Since R ′ is totally ramified over R, we see that if such G n does exist, G n and G ′ n must has same closed fiber G 0 . Thus, G n can be seen as some "correct" deformations of G 0 . Luckily, Messing's theory provides some crystals to precisely describe deformations of Barsotti-Tate groups. So the proof of Theorem 1.0.3 can be reduced to the effectiveness of descending a short exact sequence of finite free R ′ -modules with semi-linear Γ-actions coming from
In general, unlike the ordinary Galois descent theory, the effective descent of such sequence does not necessarily exist. But work of §2 will prove that such effective descent does exist if for each i = 1, 2, 3, 
Then there exists a constant c 1 ≥ 2 depending on the absolute ramification index e(K/Q p ) and the height of G K such that for all n ≥ c 1 there exists an R-group scheme morphism F :
Proposition 1.0.6. Let G be a finite flat group scheme over R whose generic fiber G K is a truncated Barsotti-Tate group of level n. There exists a constant c 2 ≥ 2 depending on e and the height of G K such that if n ≥ c 2 then there exists a truncated Barsotti-Tate group G ′ over R of level n − c 2 and R-group scheme morphisms g :
Combining Theorem 1.0.5 and Proposition 1.0.6, in the beginning of §5, we will see that c = c 0 + c 1 + c 2 , and if G[p c ] can extend a finite flat group scheme G c then there exits a subgroup scheme G c0 of G c such that G c0 provides an effective descent of G ′ [p c0 ], hence prove the main Theorem.
Remark 1.0.7. Using the classification of finite flat group schemes over R in §2.3, [12] , we can prove that c 1 and c 2 , hence c can be chosen to depend only on the absolute ramification index and not on the height. In fact, we can prove Theorem 1.0.5 and Proposition 1.0.6 in the more general setting for ϕ-modules of finite height in the sense of Fontaine ([9] ). These results will play a central technical role in our proof of a conjecture of Fontaine ([10] ) concerning that the semi-stability for p-adic Galois representations is preserved under suitable inverse limit processes, subject to a natural boundedness hypotheses on the Hodge-Tate weights. The methods of this paper may be viewed as a simpler version of the methods we develop in [13] where we prove Fontaine's conjecture.
When writing of this paper was nearly complete, Bondarko posted his preprint [3] on the arxiv, where he gave a new classification of finite flat group schemes over R and obtained a similar result (c.f. Theorem 4.3.2) as our main result, Theorem 1.0.1 above. We first remark that the hypotheses in our Main Theorem are weaker than that of Theorem 4.3.2 in Bondarko's preprint [3] . One of his hypotheses requires the finite flat group scheme which extends the given generic fiber has to have the correct "tangent space". But our hypothesis does not have such a restriction on such finite flat group schemes. Also here we use a totally different method. Bondarko's theory mainly depends on the theory of Cartier modules that gives a classification of formal groups. His method works without a perfectness hypothesis on the residue field and gives slightly better constants (cf. Theorem 4.1.2). But our approach by deformation theory can be adapted to apply to rather general semi-stable padic Galois representations without restricting to crystalline representations with Hodge-Tate weights in {0, 1} (see [4] ). In contrast, Bondarko's method of formal groups seems difficult to apply to such a wider class of representations. To be more precise, the problem we solve in this paper is a special case of the following more general question: Using the machinery provided by ( [12] ), the author has made some progress on this question by modifying the method in this paper. Also an extended version of Theorem 1.0.5 and Proposition 1.0.6 is used in our proof of a conjecture of Fontaine ( [13] ), as explained in Remark 1.0.7. Convention 1.0.8. From §2 to §4, we only assume R is a complete discrete valuation ring with perfect residue field k with char(k) = p > 0, and we select a uniformizer π (resp. π ′ ) in the maximal ideal m (resp. m ′ ). In particular, we do not assume that the fraction field K of R has characteristic 0. We fixed a finite Galois extension K ′ /K with Galois group Γ. We have to consider torsion modules such as M/π n M . In order to simplify the notation, we write M/π n to denote M/π n M . We use "Id" to denote the identity map (of modules, schemes, etc.). If M is an R ′ -module equipped with semi-linear action of Γ, then M Γ denotes the R-submodule of Γ-invariant elements.
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Elementary Finite Descent Theory
2.1. Preliminary. We will first set up an ad hoc "descent theory" from R ′ to R using Γ-actions. We will see that for "descent data" on a finite free R ′ -module, the obstruction to effective descent can be determined by working modulo m n for a sufficiently large n depending only on the arithmetic of K ′ /K.
It is obvious that the set of all R ′ -semi-linear automorphisms of M ′ forms a group, denoted by Aut
That is, a morphism is just an R ′ -module morphism compatible with the Γ-actions. Most of time we use terminology "Galois-equivariantly" instead of "morphism of Γ-descent modules".
′ has a natural Γ-descent datum φ σ that comes from the Galois action of Γ on R ′ . We always omit φ σ when we mention the canonical Γ-descent module (M ⊗ R R ′ , φ σ ).
Similarly, we can define exact sequences of Γ-descent modules and effective descent for such exact sequences. Also we can generalize such descent language to the setting of schemes. For example, we can define Γ-descent data of an affine scheme (affine group scheme) over R ′ by defining Γ-descent data of its coordinate ring (Hopf algebra). Similar definitions apply to the notion of effective descent of an affine scheme (affine group scheme) over R ′ . More precisely, let X ′ = Spec(A ′ ) where A ′ is an R ′ -algebra. It is easy to see that a Γ-descent data structure on A ′ is equivalent to a collection of
Thus we also call such a pair (
is morphism of R ′ -schemes such that the following diagram commutes for all σ ∈ Γ:
Similarly, we define f to be an isomorphism of Γ-descent data if f is an isomorphism of underlying R ′ -schemes. The inverse is obviously a morphism of Γ-descent data.
Example 2.1.5. Let X = Spec(A) be an R-scheme. Then we have a canonical Γ-descent data ι σ on X ⊗ R R ′ coming from the canonical Γ-descent algebra A⊗ R R ′ .
We say that a Γ-descent datum (X ′ , Φ σ ) has an effective descent if there exists an R-scheme X such that (X ⊗ R R ′ , ι σ ) is isomorphic to (X ′ , Φ σ ) as Γ-descent data. In the affine case, it is equivalent to say that the coordinate ring of X ′ has an effective descent as a Γ-descent algebra. 
Then f is an isomorphism of Γ-descent data if and only if f
Proof. From the diagram (2.1.1), this is clear.
2.2.
"Weak" full faithfullness. Define a functor from the category of R-modules to the category of Γ-descent modules over R ′ :
as in Example 2.1.3. Unlike ordinary descent theory (e.g., fppf descent theory), the functor F is neither full nor faithful.
Example 2.2.1. Let I ′ ⊂ R ′ be an ideal not arising from R. The Γ-action on R ′ preserves I ′ , and I := I ′Γ is a nonzero principal ideal of R, but the map I ⊗ R R ′ ֒→ I ′ is not surjective. That is, I ′ with its evident Γ-descent datum does not have an effective descent.
Γ is injective. However in general, the equality does not necessary hold (In fact,
is a morphism between these two descent data on M ′ , but there does not exist a morphism f :
As we have seen above, the functor F is not a fully faithful functor. However, we will show F actually has "weak" full faithfulness in the following sense.
Furthermore, there exists a constant r depending on R ′ and R such that for all n ≥ r the morphism π r f has a unique effective descent to a morphismf :
In Lemma 2.2.9 below, we will see how the constant r depends on the arithmetic of R ′ and R. 
where f i is a Galois-equivariant isomorphism for i = 1, 2, 3. Using Corollary 2.2.6, we get:
Before proving Proposition 2.2.4, we need a lemma to bound Galois cohomology and precisely describe the constant r in Proposition 2.2.
is the relative ramification index. Finally, we put r = v(∆ K ′ /K ) in the equi-characteristic case and r = r 0 v(p) in the mixed characteristic case.
Thus, there exists a positive integerr ≥ 0 such that πr kills the finite R-module H 1 (Γ, M ′ ). Hence, in both cases (equi-characteristic and mixed characteristic) there exists somer ≥ 1 such that pr kills H 1 (Γ, M ′ ). On the other hand, note that #(Γ) (the order of Γ) also kills
Now let us deal with the equi-characteristic case, which needs a much more complicated argument. We begin by treating the case M ′ = R ′ . First let us reduce the problem to the case that Γ is cyclic with order p.
Note that if #(Γ) is prime to p, since p also kills H 1 (Γ, R ′ ) we have H 1 (Γ, R ′ ) = 0. On the other hand, since Γ is solvable, by the inflation-restriction exact sequence
where Γ ′ is the wild inertia subgroup of Γ, we reduce the problem to the case that the order of Γ is a power of p.
Now we can assume Γ ′ and Γ in (2.2.1) are of p-power order and we assume that the lemma is proven for cyclic groups of order p. We assume by induction on #(Γ) that it is settled for smaller p-power order and we take Γ ′ ⊳ Γ a nontrivial normal subgroup. Let K 1 be the fraction field of R
, where v 1 is the valuation on R ′ by putting v 1 (π 1 ) = 1. By the transitivity formula for discriminants,
where u is a unit in R ′ . This product kills
Now suppose that Γ is cyclic with order p. Let ϕ be a cocycle in
Since Γ is wild inertia, there exists a τ ∈ Γ with τ = Id such that
To prove that x i ≡ 0 mod π n−r , i = 1, . . . , p− 1, it suffices (by induction on n > r) to prove that π|x i for all i = 1, . . . , p − 1. First from (2.2.3), we see that π ′ |x 1 , so π|x 1 . Suppose j is the minimal such that π ∤ x j , or equivalently π ′ ∤ x j . We prove that this is impossible by the following claim:
Assuming the claim is true for a moment, we have
, we see this is impossible.
Finally, let us compute v(
to prove the Claim. By the binomial expansion,
p . This proves the Claim. Now let us treat the general case for M ′ a finite free R ′ -module rank m. The case r 0 = 0 is clear since #(Γ) ∈ R × in such case. Now consider the case r 0 > 0. Let us first reduce the problem to the case that M ′ is free R ′ -rank 1. In fact, we have Galois descent data on
It is easy to see that M ′ 1 is a Galois-stable submodule of M ′ . Thus, we have an exact sequence of a Γ-descent modules,
is a finite free Γ-descent module with R ′ -rank m − 1. By induction on m, it now suffices to prove the lemma for the case when M ′ is free R ′ -module with rank 1. Now assume M ′ is free rank-1 R ′ -module. Select a basis α ∈ M ′ . The semi-linear Galois structure on M ′ is determined by the 1-cocycle σ → φ σ (α)/α ∈ R ′× . By Hilbert's Theorem 90, we see there exists an x ∈ K ′× such that σ(x)/x = φ σ (α)/α for all σ ∈ Γ. After multiplying some power of π, we can assume 0 ≤ v(x) < 1.
As we have seen above,
Remark 2.2.10. Of course, the above proof for the equi-characteristic case also works for the mixed-characteristic case. Unfortunately, v(∆ K ′ /K ) is always larger than v(p)r 0 in this case, so we use v(p)r 0 instead of v(∆ K ′ /K ). This suggests that there may still be room to improve the constant r.
Proof of Proposition 2.2.4.
Since R ′ /π n is faithfully flat over R/π n and M ′ i is a finite free R ′ /π n -module, M i is a finite flat (hence free)R/π n -module. Now consider the following commutative diagram: 
Proof. Consider the following commutative diagram of exact sequences:
and h is induced by the canonical reduction map. We need to show h has image R/π n−r = Im(j). By Lemma 2.2.9,
Convention 2.2.12. Unfortunately, from now on we cannot deal with the mixed characteristic case and equi-characteristic case in the same relative setting. More precisely, in the mixed characteristic case we can only state and prove results for "p n -torsion" instead of "π n -torsion" as in the equi-characteristic case, although the results and ideas of proofs are almost the same if we replace "p" by "π". To save space, we will state the results in mixed characteristic case and use "(resp. )" to indicate the respective results in equi-characteristic.
2.3.
Criterion for effectiveness of descent. Now we will show that for a given Galois group, the effectiveness of a finite free Γ-descent R ′ -module (M ′ , φ σ ) will be determined by working at a large torsion level determined by R ′ and R. Recall that r 0 denotes the p-index of Γ (i.e., p 
where
] is the kernel of p r0 . Let M = M ′Γ and let Im(α) denote the image of map α. By Galois descent theory for K ′ /K, M is a finite free R-module with the same rank as that of
We now claim that Im(α) is an effective descent of M ′ /p r0 ; that is, the natural
To prove this claim, let us consider the following commutative diagram:
Take Galois invariants to get a new diagram, with M denoting
, the right square of the above diagram implies Im(i Γ ) ⊆ Ker(β) and the middle square gives us Im(α) ⊆ Im(i Γ ). By the exactness of α and β, we have Im(α) = Ker(β). Thus Im(α) = Im(i Γ ).
By hypothesis, since 2r
Both sides are finite free R ′ /p r0 -modules with the same R ′ /p r0 -rank, so this natural map is an isomorphism. This completes the proof that
Now let us consider the following diagram
where M = M ′Γ and h, g are the natural maps. We have proved that the natural map g is an isomorphism, so by Nakayama's lemma h is surjective. Since M is a finite free R-module with R-rank equal to the R ′ -rank of M ′ , h must be an isomorphism. This settles the proof when d = 2r 0 in the mixed characteristic case.
In the mixed characteristic case with d = 1, since
′ induces a surjective map modulo p and hence is surjective. This surjection must be an isomorphism for freeness reason, as above.
Using Lemma 2.2.9, the proof for the equi-characteristic case is the same as above if we replace p by π and r 0 by m(r + 1) everywhere.
The Deformation Lemma
We will use results of Grothendieck and Drinfeld to show that under the hypothesis of the Theorem 1.0.3, the effective descent for (G ′ , φ σ ) does exist at some R/π n -level (see Theorem 3.2.1 below). First we need to recall several facts concerning deformations of truncated Barsotti-Tate groups.
3.1. Deformations theory from Grothendieck and Drinfeld. Recall that a truncated Barsotti-Tate group of level N ≥ 2 with height h over a scheme S is an inductive system (G n , i n ) 0≤n≤N of finite locally free commutative S-group schemes and closed immersions i n :
A truncated Barsotti-Tate group of level 1 with height h is finite locally free S-group scheme killed by p with order p h such that the sequence
is exact over Spec(O S /pO S ), where F is the relative "Frobenius" and V is "Verschiebung" and G 0 = G × S Spec(O S /pO S ). Now let us recall a result of Grothendieck on truncated Barsotti-Tate groups.
Theorem 3.1.1 (Grothendieck). Let i : S → S ′ be a nilimmersion of schemes and G a truncated Barsotti-Tate group over S of level n ≥ 1. Suppose S ′ is affine.
(1) There exists a truncated Barsotti-Tate group Proof. See pp. 171-178, [17] .
We next review Drinfeld's results ( §1, [11] ) on deformations of Barsotti-Tate groups. Let A be a ring, N ≥ 1 an integer such that N kills A, and I an ideal in A satisfying I µ+1 = 0 for a fixed µ > 1. Let A 0 = A/I. 
In order that a homomorphism f 0 : G 0 → H 0 lift to a (necessarily unique) homomorphism f : G → H, it is necessary and sufficient that the homo-
Proof. See §1, [11] . 
Proof. Using Lemma 3.1.2 in our case, we first prove we can lift the morphism f 0 to an A-morphism. By Lemma 3.1.2 (4), it is necessary that the lift of "p m f 0 " annihilates the subgroup G[p m ]. Let B be any A-algebra, B 0 = B/IB and F = "p m f 0 ". By §1, [11] , F is defined in the following (using formal smoothness of H):
, we have the following commutative diagram:
where the columns are reduction modulo I. Now for all 
If f 0 and g are isomorphisms, we can use f 
Application to descent.
We use notations as in Theorem 1.0.3, so (G ′ , φ σ ) is an R ′ -Barsotti-Tate group equipped with Γ-descent datum constructed from G ⊗ K K ′ over K ′ as in Introduction. As in Convention 2.2.12, we will state results in the mixed characteristic case and use "(resp. )" to indicate the corresponding results in the equi-characteristic case. Let λ = 1 for p = 2 and λ = 2 for p = 2. For any real number x, define x the maximal integer < x, so x = x − 1 if x ∈ Z. Put ν = log 2 e + λ in the mixed characteristic case and ν = log 2ê + λ in the equi-characteristic case, whereê is the relative ramification index e(
n and l n = 3n + ν in the mixed characteristic case, and
n and l n = log 2 n + 1 + ν in the equi-characteristic case. We will use Grothendieck's theorem and the same argument of Drinfeld to prove the following: Proof. Let G ′ 0 = G ′ ⊗ R ′ k be the closed fiber of G ′ over k. Since R and R ′ have the same residue field, it is obvious that the closed fibre
It now suffices to prove: 
For the proof of Lemma 3.2.3, first note that both G
Now let us first discuss the proof for the case that R has mixed characteristic. Recall that l n = 3n + ν = 3n + log 2 e + λ in this case. Consider the following successive square-zero thickenings, where m ′ is the maximal ideal of R ′ :
log 2 e ← R ′ /pR ′ By Lemma 3.1.4 and induction on 1 ≤ s ≤ log 2 e with N = p, there exists an isomorphism f 1 :
′ /p along the following:
By induction on 1 ≤ s ≤ log 2 n and Lemma 3.1.4 with N = p 2 s (N = p n in the last step), there exists an isomorphism f n :
In the equi-characteristic case, we will also consider deformations of G 0 along
We also use Lemma 3.1.4 to do induction. The only difference from the mixed characteristic case is that N is always p. Similarly, we get an isomorphism f n :
. In both the mixed characteristic and equi-characteristic cases, let f = f n . It suffices to prove that the R ′ -isomorphism of Barsotti-Tate groups f :
is Galois equivariant. By Lemma 2.1.7 and Lemma 3.1.2 (2), it suffices to check f 0 = (f 0 ) σ on k-fibers. Note that ψ :
is trivial. Now we can conclude that ψ is trivial via the following lemma. Let S be an affine scheme on which p is nilpotent, so there exists an integer N > 0 such that p N kills O S . Let G be a Barsotti-Tate group over S.
As an fppf abelian sheaf, there exists an extension
of G by a vector group V (G) (i.e., the group scheme represented by a quasi-coherent locally free sheaf of finite rank). The extension is universal in the sense that for any extension 0 → M → E → G → 0 of G by another vector group M there is a unique linear map V (G) φ / / M such that the extension is (uniquely) isomorphic to the pushout of (4.1.1) by φ.
In general, we can define a "Lie" functor from the category of group sheaves over S to the category of vector group schemes over S (see §2, Ch. 3, [14] ). Taking "Lie" of the universal extension (4.1.1), Proposition 1.22 in [14] ensures that the following sequence of vector groups over S is exact:
For a scheme X, recall that its crystalline site Crys(X) consists of the category whose objects are pairs (U ֒→ T, γ) where:
′ is a morphism compatible with divided powers.
Remark 4.1.1. The crystalline site defined above is weaker that what Berthelot defined, but it suffices to study the deformation theory of Barsotti-Tate groups in [14] . We always drop the notation of divided powers γ from the pair (U ֒→ T, γ) if no confusion will arise. (1) There exists a unique morphism E(u) : E(G) → E(H) which lifts E(u 0 ). (2) Let K be a third Barsotti-Tate group on S and u
Proof. See Chap. IV, §2, [14] . 
For G 0 a Barsotti-Tate group over S 0 , let D(G 0 ) denote Lie(E(G 0 )). Assuming for a moment that there exists a deformation G of G 0 over S, let D(G 0 ) S denote Lie(E(G)). By Lemma 4.1.2, the O S -module D(G 0 ) S does not depend on the choice of deformation of G 0 in the sense that if G 1 and G 2 are two deformations of G 0 over S and E(u) : E(G 1 ) → E(G 2 ) is the unique isomorphism lifting the identification of E(G 0 ) over S 0 , then Lie(E(u)) is a natural isomorphism from Lie(E(G 1 )) to Lie(E(G 2 )). In this way, we glue the vector bundles Lie(E(G)) over open affines in S (where deformations of G 0 do exist!) to construct a crystal S → D(G 0 ) S on S 0 even in the absence of global lifts.
An O S -submodule Fil 1 ֒→ D(G 0 ) S is said to be admissible if Fil 1 is a locally-free vector subgroup scheme over S with locally-free quotient such that it reduces to
Define a category C whose objects are pairs (G 0 
commutes and over S 0 reduces to
Lie(E(G 0 )) 2.12, we will state the proof for the mixed characteristic case, and use "(resp. )" to refer the corresponding result in the equi-characteristic case. Consider the following diagram of deformations:
Respectively, in the equi-characteristic case, we consider the following diagram:
We have universal extensions on each level n:
Using the "Lie" functor, we get an exact sequence of finite free R ′ /p n -modules (resp. R ′ /π n -modules) 
We get a short exact sequence of Γ-descent modules:
where N ′ , M ′ and L ′ are finite free R ′ -modules, and this induces each (S n ) by reduction. It suffices to prove that (S ′ ) has an effective descent.
By the hypothesis of Theorem 1.
If we take the "Lie" functor of the crystals constructed for
which is an effective descent of
and N ′ have effective descents to finite free R-modules L, M and N respectively. By Corollary 2.2.8, (S ′ ) has an effective descent to an exact sequence of finite free R-modules
Remark 4.2.2. We have to be very careful concerning the following technical point. As two effective descents of (S ′ d ), the sequences (S d ) and (S d ) are not known to be isomorphic in the sense that there exists an R-linear isomorphism of exact sequences 
Proof. We only prove the mixed characteristic case. In the equi-characteristic case the proof works if we replace p with π everywhere. Now let us prove the lemma with by induction on s. For s = 1, recall that in the proof of Lemma 4. 
m settles the case s = 1. For s = 2, considering the deformation problem for G m along R/p m → R/p 2m , we need to construct a deformation G 2m of G m to R/p 2m such that G 2m satisfies the conditions of Lemma 4.2.3. We claim that it is equivalent to construct an admissible filtration Fil 1 ֒→ D(G m ) R/p 2m such that the following diagram commutes
where f 1 , f are Galois-equivariant isomorphisms and the diagram (4.2.1) lifts the following commutative diagram
To make notations easier, we denote the above diagrams (e.g., diagram (4.2.1)) in the following way:
We use Messing's Theorem (Theorem 4.1.4) to prove the above claim concerning the equivalence of our deformation problem and the construction of of (4.2.1). Suppose we can construct such an admissible filtration as in (4.2.1). By Theorem 4.1.4, we have a Barsotti-Tate group G 2m over R/p 2m which is a deformation of G m such that
Thus f induces an R ′ -isomorphism of Barsotti-Tate groupsf :
which lifts the Galois-equivariant isomorphismf 0 :
. Now it suffices to check thatf is Galois equivariant. By Lemma 2.1.7, we need to show that 
Now choose a deformationG over R/p 2m for G m (such deformation always exists, due to Theorem 3.1.1). Let D(G) R/p 2m = Lie(E(G)). From the functorial construction of the crystal D(G) R/p 2m , we have that D(G) R/p 2m is a finite free R/p 2m -module
. We will prove the claim by showing that E(G) is an effective descent of E(G (2) shows that there exists a unique isomorphism
which lifts f 0 . Now it suffices to check E(f 0 ) is Γ-equivariant. By Lemma 2.1.7, we need to check E(f 0 ) 
where f 1 is the restriction of f on Fil 1 . 
The map Fil
Since f is Galois-equivariant and all group schemes here are R ′ -flat, any morphism extending f has to be unique. Therefore, F is Galois-equivariant. Using the same argument for f −1 , we see that there exists a morphism
The Main Theorem then follows by the Descent Theorem (Theorem 1.0.3).
5.2.
Dimension of truncated Barsotti-Tate groups. We will basically follow the similar ideas of Tate and Raynaud to prove our theorem. So we first give an " ad hoc" definition of the dimension for truncated Barsotti-Tate groups and then show that the dimension of truncated Barsotti-Tate groups can read off from the generic fiber if the level is big enough. Just like the case of Barsotti-Tate groups, this fact is crucial to extend the morphisms of generic fibers. Since we will discuss the extension of generic fibers of finite flat group schemes (truncated Barsotti-Tate group) defined over the same base ring, from now on, we fix our base ring R which is a complete discrete valuation ring of mixed characteristic (0, p) with perfect residue field and we assume that the absolute ramification index e = e(K/Q p ) is at least p − 1. We made such assumption because by Raynaud's Theorem in [15] , if e < p − 1, Theorem 1.0.5 and Theorem 1.0.6 automatically works for c 1 = c 2 = 0. If G is a scheme over R, let G K denote the generic fiber of G and same notations applies for the morphism of R-schemes. For a finite flat group scheme G over R, let disc(G) denote the discriminant ideal of G and |G| denote the order of G.
Now let us introduce an invariant of truncated Barsotti-Tate groups, the dimension. Given a truncated Barsotti-Tate groups G over R, let Let us "justify" Definition 5.2.1 by checking compatibility with the definition of dimension for Barsotti-Tate groups. By Grothendieck's Theorem in [17] , for any truncated Barsotti-Tate group G over R of level n, there exists a BarsottiTate group G such that G = G[p n ]. We also have dim(G) = log p |Ker(F )| where
is the relative Frobenius on G k , so dim(G) = dim(G). The following proposition show that if level n is big enough, the generic fiber of truncated Barsotti-Tate group will decide the dimension. For any x is a real number, recall that [x] = Max{m|m is an interger such that m ≤ x} and ⌈x⌉ = Min{m|m is an integer such that m ≥ x}. Proof. It suffices to prove the proposition on the strictly henselization of R. So we can assume that k is algebraically closed. From Grothendieck's Theorem in [17] , there exist Barsotti-Tate groups G and H such that G = G[p n ] and H = H[p n ]. In [15] , Raynaud proved that as one dimensional Galois module det(
where ǫ is the cyclotomic character, T p (G) is the Tate module of G and d = dim(G). Since generic fibers of G and H are the same, we have
Let λ be the maximal integer such that Q p (ζ p λ ) ⊆ K, where ζ p λ is p λ -th root of unity. Then there exists a σ ∈ Gal(K/K) such that ǫ(σ) = 1 + p λ u, where u is a unit in Z p . Consider the action of σ on the congruence relation above, we get
From above Proposition and using the same argument of Tate (Proposition 6.2.12, [6] or [18] ), for truncated Barsotti-Tate groups G of level n, disc(G) = p 
, where i : H (1) ֒→ H be the closed immersion. We see that G ′ is a closed subgroup scheme of G. It suffices to show that the generic
K , this is clear.
Corollary 5.2.5. Notations as above, let
G i , H i be scheme-theoretic closures of G K [p i ], H K [p i ] in G , H respectively, then f | Gi factors through H i .
5.3.
Proof of Proposition 1.0.6 and Theorem 1.0.5. Now we are ready to prove Proposition 1.0.6 and Theorem 1.0.5 First we need to bound discriminants of finite flat group schemes of type (p, · · · , p) in terms of heights and the absolute ramification index e(K/Q p ). Let G be a finite flat group scheme over R killed by p. If |G| = p h , we define h be the height of G. Note that if G is a Barsotti-Tate group (or a truncated BarsottiTate group) with height h. Then G[p] will has height h as a finite flat group scheme killed by p. Recall that disc(G) denote the discriminant ideal of G. 
Note that for any X i , we have
with some n i > 0 we have the following equality in O G :
Proof of Proposition 1.0.6. For each 1 ≤ i ≤ n, let G i be the scheme theoretic
By Corollary 5.2.5, we see that p m induces a morphism 
where α is the canonical projection, β is the map induced by p m , and γ is the canonical closed immersion. Checking on the generic fiber, we see that (5.3.3) commutes over R. On the other hand, by our choice of i 0 we see that β is an isomorphism, and therefore ker[p m ] = ker α, which is nothing more than Γ m . This proves the claim that (Γ m ) is a truncated Barsotti-Tate group of level s. 
Finally, set c 2 = r 1 − r 2 . The above proof settles the case n ≥ r 1 . For the case r 1 ≥ n ≥ c 2 , let us return to (5.3.2). Since r 2 ≥ n − c 2 , it is easy to see that there exists i 0 such that D i0 = D i0+1 = · · · = D i0+s and s ≥ n − c 2 .
Let Γ m = G i0+m /G i0 for m = 1, . . . n − c 2 . We see that (Γ m ) is a truncated Barsotti-Tate group of level n − c 2 . The rest of proof is the same as of the case n ≥ r 1 .
Proof of Theorem 1.0.6. Set c 1 = r 1 . Let M be the graph of f in G K × H K , i.e., the scheme-theoretic image of 1 × f : G K → G K × H K . It is obvious that M is a truncated Barsotti-Tate group over K of level n. Using the natural projections of G K × H K to G K and H K , we have natural K-group scheme morphisms p 1 : M → G K and p 2 : M → H K . Obviously, p 1 is an isomorphism and p 2 • p 1 −1 = f .
For each 1 ≤ i ≤ n, let E i be the scheme-theoretic closure of M [p i ] in G × R H. From §2, [15] , we see that E i ֒→ E i+1 is a closed immersion and E i is a closed subgroup scheme of G × R H. We therefore have morphisms of R-group schemeŝ p 1 : E n → G andp 2 : E n → H which extend morphisms p 1 : M → G K and p 2 : M → H K of generic fibers. Because n ≥ r 1 , from Proposition 1.0.6 we see that there exists a truncated Barsotti-Tate group E ′ of level n 1 = n − r 1 + r 2 and a morphism g ′ : E ′ → E n such that g
] is an isomorphism on generic fibers. By Corollary 5.2.3, since n 1 = n − r 1 + r 2 ≥ r 2 we see thatp 1 • g ′ is an isomorphism. Finally, set
We are done.
6. Application to Abelian Varieties 6.1. Proof of Theorem 1.0.2. In this chapter, we assume that R is a complete discrete valuation ring of mixed characteristic (0, p) with perfect residue field, and K is the fraction field. Let A be an abelian variety defined over K with dimension g. Suppose A has potentially good reduction. For example, A can be taken to be an abelian variety with complex multiplication ( §3, [16] Proof. Choose a prime l ∈ {3, 5} with l = p. Let ρ l : Gal(K s /K) → Aut(T l (A)) be the Galois representation. From §1, [16] , we know that A has potentially good reduction over K if and only if Im(ρ l ) in Aut(T l (A)) is finite. Since Id + lMat 2g (Z l ) has no torsion as multiplicative group, we see that Id + lMat 2g (Z l ) meets the finite image of ρ l trivially. 
